Abstract. In this paper, we introduce a notion of integral along bimonoid homomorphism. It simultaneously generalizes the notions of integrals and cointegrals of bimonoids. Moreover, we introduce a notion of normalized integral and generator integral. We give a sufficient condition for a bimonoid homomorphism to have a normalized generator integral. We give three applications : an integral theory with respect to exactness, a construction of a functorial integral, and an introduction of some invariants.
Here, A is the counit of A. For example, for a finite group G, the sum ř gPG g P FG is an integral of the bialgebra FG induced by the group G. Analogously, a cointegral of A is defined by an linear functional σ 1 : A Ñ F satisfying
Here, η A is the unit of A. For example, for a finite group G, the delta functional δ η A is a cointegral of the bialgebra FG.
The notion of integrals of a bialgebra was introduced by Larson and Sweedler [2] . They showed that a finite-dimensional bialgebra A over a field (more generally, a PID) is a Hopf algebra if and only if it has a non-singular left integral σ P A. Moreover, a finite-dimensional Hopf algebra A over a field is semi-simple if and only if A pσq ‰ 0 where A is the counit of A. Under these conditions, in particular, we can take such an integral σ that A pσq " 1. In this paper, we call such an integral by a normalized integral.
There is a general theory of algebra, coalgebra, bialgebra, and Hopf algebra : monoid, comonoid, bimonoid and Hopf monoid in an arbitrary SMC C [4] . If the SMC C is the category Vec b F of vector spaces over F and linear homomorphisms, then they are equivalent with the notions of coalgebra, bialgebra, and Hopf algebra. Under the generalization, the notion of integrals of bialgebras is naturally generalized to a notion of integrals of bimonoids.
Throughout this paper, we fix a symmetric monoidal category C which has any equalizers and coequalizers. We denote the unit object 1.
In this paper, we introduce a notion of integral along bimonoid homomorphism. In Definition 4.1, we define a notion of (left, right) integral along bimonoid homomorphism and normalized integral. In Definition 5.1, we also define a notion of generator integral.
The notion of integrals along bimonoid homomorphisms simultaneously generalizes the notions of integrals and cointegrals of bimonoids : the notion of integrals of a bimonoid A coincides with that of integrals along the counit A , and the notion of cointegrals of bimonoids coincides with that of integrals along the unit η A .
We have a typical example of integrals along bimonoid homomorphisms. Consider C " Vec b F . Let G, H be arbitrary groups and : G Ñ H be a group homomorphism such that Kerp q is finite. The homomorphism induces a bialgebra homomorphism ˚: FG Ñ FH. Let µ : FH Ñ FG be a linear homomorphism determined by µphq " ÿ pgq"h g P FG.
It is well-defined since the kernel Kerp q is finite. We can characterize the linear homomorphism µ in terms of the bialgebra homomorphism ˚: µ is an integral along ˚. We note that if G is the trivial group, then µp1q, 1 P F is an integral of FH. We also note that if H is the trivial group, then µ is a cointegral of FG.
We introduced a notion of (co)small bimonoid in [1] and proved that a bimonoid has an (co)integral if and only if it is (co)small.
Milnor and Moore defined the notion of normality of morphisms of augmented algebras over a ring (3.3 . Definition [3] ) and the notion of normality of morphisms of augmented coalgebras over a ring (3.5 . Definition [3] ). They are defined by using the additive structure of the category Vec b F . We introduce a weaker notion of normality and conormality of bimonoid homomorphisms which is implied by the Milnor-Moore's definition if C " Vec b F . It is because we do not assume such an additive category structure on C.
We use the terminology normal due to the following reason. If C " Setsˆ, then a Hopf monoid in that SMC is given by a group. For a group H and its subgroup G, one can determine a set H{G which is a candidate of a cokernel of the inclusion. The set H{G (with the canonical projection) plays a role of cokernel if and only if the image G is a normal subgroup of H. In this example, the normality defined in this paper means that the set H{G (with the canonical projection) is a cokernel group of the inclusion G Ñ H.
An existence of a normalized integral along a homomorphism ξ : A Ñ B is strongly related with (co)smallness of its cokernel and kernel. In particular, for a binormal homomorphism ξ, if there exists a normalized integral along ξ, then Kerpξq and Cokpξq are bismall. We give a refined discussion in Corollary 4.14.
The converse is true if ξ satisfies some conditions as follows.
Main theorem 1 Let A, B be bimonoids and ξ : A Ñ B be a well-decomposable homomorphism. If Kerpξq and Cokpξq are bismall, then there exists a unique normalized generator integral along ξ.
Here, well-decomposable homomorphism is a homomorphism ξ : A Ñ B with a kernel, a cokernel, a coimage and an image such that kerpξq : Kerpξq Ñ A is normal, cokpξq : B Ñ Cokpξq is conormal andξ : Coimpξq Ñ Impξq is an isomorphism (see Definition 6.6).
For a well-decomposable homomorphism, we introduce a notion of Fredholm homomorphism (see Definition 6.7). A well-decomposable homomorphism ξ is Fredholm if Kerpξq and Cokpξq are bismall, which is the assumption in Main theorem 1.
In this paper, we prove more general theorem rather than Main theorem 1 :
Main theorem 2 (= Theorem 6.10) Let A, B be bimonoid and ξ : A Ñ B be a weakly welldecomposable homomorphism. If Kerpξq is small and Cokpξq is cosmall, then there exists a unique normalized generator integral along ξ.
Here, the notion of weakly well-decomposable homomorphism (see Definition 6.6). A weakly well-decomposable homomorphism ξ is weakly Fredholm if Kerpξq is small and Cokpξq are cosmall, which is the assumption in Main theorem 2.
The previous results lead to some applications. In the following applications, we consider following assumptions on the SMC C : ‚ (Assumption 1) The monoidal structure of C is bistable. ‚ (Assumption 2) The additive category Hopf bc pCq is an abelian category. ‚ (Assumption 3) If A is bismall Hopf monoid, then the inverse volume vol´1pAq is invertible. In (Assumption 1), the notion of bistable monoidal structure is defined in subsection 4.5. [1] .
In (Assumption 3), the notion of inverse volume is defined as an endomorphism on the unit object 1 obtained by composing the normalized cointegral and the normalized integral. As a corollary of Theorem 3.3 [5] , if C is a SMC with split idempotents, then the inverse volume defined in this paper is always invertible. We do not know an inverse volume is invertible in general. The notion of inverse volume is thought to be a "(categorical) dimension" due to Proposition 8.3. In fact, bismall bicommutative Hopf monoid is dualizable, and the notion of inverse volume coincides with the notion of categorical dimension, which will be proved in our another paper.
We apply the existence of a normalized integral along a homomorphism to give a sufficient condition that (co)kernel of a homomorphism inherits a (co)smallness from its domain and target. In particular, we prove that if A, B are bismall and a homomorphism ξ : A Ñ B is well-decomposable, then ξ is Fredholm, i.e. Cokpξq and Kerpξq are bismall. We give a refined discussion in subsection 7.1. Based on this statement, we prove the following property :
Application 1 (= Corollary 7.8) We assume (Assumption 1) and (Assumption 2). Consider an exact sequence in the abelian category Hopf bc pCq,
If B 1 , B, C, C 1 are bismall bimonoids., then the bimonoid A is bismall.
Note that we assume bicommutativity and Hopf on bimonoids. It is not clear that Application 1 can be generalized to non-bicommutative and non-Hopf bimonoids since we do not know how to deal with exactness in such a category. Nevertheless, we partly discuss it on non-bicommutative and non-Hopf settings in Theorem 7.5, 7.7.
Then, as the second application, we give a functoriality of integrals :
Application 2 (= Corollary 8.24) We assume (Assumption 1), (Assumption 2) and (Assumption 3). Let Hopf bc,Fr pCq be the category of bicommutative Hopf monoids and Fredholm bimonoid homomorphisms. There exists a functor,
such that A ! is the underlying object of a bicommutative Hopf monoid A and ξ ! is an integral along a Fredholm bimonoid homomorphism ξ.
Such an integral ξ ! is not the normalized integral µ ξ in general. In fact, there exists a 2-cocycle ω of the category Hopf bc,Fr pCq with coefficients in the automorphism group Aut C p1q such that
We show that the 2-cocycle ω is exact, i.e. there exists a 1-chain υ such that ω " δυ (Proposition 8.18). Moreover we can choose such a 1-chain υ that υpid A q " id 1 . Then the integral ξ ! is given by υpξq¨µ ξ where µ ξ is the unique normalized generator integral of ξ and υpξq P Aut C p1q.
In the third application, we justify the use of terminology Fredholm homomorphism by introducing its index for the bicommutative case. If we denote by Indpξq P End C p1q the index of a Fredholm homomorphism ξ between bicommutative Hopf monoids, then we have following properties : Application 3 (= Proposition 9.3, 9.4) We assume (Assumption 1), (Assumption 2) and (Assumption 3). For a bicommutative Hopf monoid A and Fredholm homomorphisms ξ, ξ 1 between bicommutative Hopf monoids, we have
In the final application, we introduce a notion of Euler characteristic of a graded bicommutative Hopf monoids. It is defined by an alternative product of inverse volumes of component bimonoids. We need (Assumption 3) to consider such an alternative product of inverse volumes. It is well-known that the classical Euler characteristic of a bounded chain complex of finite-dimensional vector spaces coincides with the Euler characteristic of its homology theory. We have an analogous statement as follows :
Application 4 (= Proposition 9.9) We assume (Assumption 1), (Assumption 2) and (Assumption 3). Let A ‚ be a bounded chain complex of bismall bicommutative Hopf monoids. Let H q pA ‚ q be the q-th homology theory. Then we have, χ ptH q pA ‚ qu qPZ q " χ ptA q u qPZ q .
In particular, if we consider a singular homology theory H ‚ pK; Aq of a finite cell-complex with coefficients in a bismall bimonoid A, then its Euler characteristic coincides with vol´1pAq´χ pKq where χpKq is the classical Euler characteristic of the cell-complex K.
Before we close the introduction, we address a question. Recall the previous example of
Main theorem 1 is satisfied only for the case that pGq Ă H is normal. Even though the linear homomorphism µ is characterized by an integral along the homomorphism ˚, the bialgebra homomorphism ˚i s not well-decomposable in general since the image of is not a normal subgroup of H in general.
Question Is it possible to generalize Main theorem 1 or Main theorem 2 for non welldecomposable homomorphisms?
The organization of this paper is as follows. In section 2, we give a review of the notion of (co,bi)small bimonoids [1] and its relation with (co)integrals. In section 3, we define a notion of (co,bi)normality of bimonoid homomorphisms. In subsection 4.1, we introduce the notion of (normalized) integral along bimonoid homomorphisms and give some basic properties. In subsection 4.2, we prove the uniqueness of a normalized integral. In subsection 4.3, we give a construction of an (co)integral of a (co)kernel from an integral along a homomorphism. In subsection 5.1, we introduce a notion of generator integral and give some basic properties. In subsection 5.2, by using a normalized generator integral, we show an isomorphism between the set of endomorphisms on the unit object 1 and the set of integrals. In subsection 6.1, we prove a key lemma for Main theorem 2. In subsection 6.2, we introduce two notions of (weakly) well-decomposable homomorphism and (weakly) Fredholm homomorphism. Moreover, we prove Main theorem 2. In subsection 6.3, we show a commutativity of a square diagram consisting of some homomorphisms and some integrals. In subsection 7.1, we give some conditions where Kerpξq, Cokpξq inherits a (co)smallness from that of the domain and the target of ξ. In subsection 7.2, we discuss some conditions for (co)smallness of a bimonoid to be inherited from an exact sequence. In subsection 8.1, we introduce the notion of inverse volume of bismall bimonoids. In subsection 8.2, we discuss a relation between two composable integrals and their composition. In subsection 8.3, we construct functorial integrals with some assumptions on the SMC C. In subsection 9.1, we introduce the notion of index of Fredholm homomorphisms and give some basic properties. In subsection 9.2, we introduce the notion of Euler characteristic of graded bicommtative Hopf monoids and give some basic properties.
Review of integrals and small bimonoids
In this section, we review the notion of (co)small bimonoid [1] . We explain a fact that the condition of (co)smallness is equivalent with an existence of a normalized (co)integral. As a corollary, the full subcategory of (co)small bimonoids in a SMC C forms a sub SMC of BimonpCq.
We also give a proposition with respect to (co)integrals, which does not appear in [1] : Proposition 2.7.
For a SMC C, we denote by Hopf bc pCq the category of bicommutative Hopf monoids in C. Then it is well-known that the convolution of two morphisms induces an additive category structure on Hopf bc pCq. We use a notation of left (right) (co)actions following our another paper [1] . Recall that if pA, α, Xq is a left action in C, i.e. A is a bimonoid, X is an object and α : A b X Ñ X is a morphism satisfying the unit axiom and the associative axiom, then we define an invariant object αzzX and a stabilized object αzX which satisfy some universality respectively. In particular, an invariant object is given by a subobject of X and a stabilized object is given by a quotient object of X. Definition 2.1 (section 5 [1] ). Let C be a SMC. Let pA, α, Xq be a left action in C. We define a morphism α γ : αzzX Ñ αzX in C by composing the canonical morphisms X Ñ αzX and αzzX Ñ X. Likewise, we define γ α : X{{α Ñ X{α for a right action pX, α, Aq, β γ : β{Y Ñ β{{Y for a left coaction pB, β, Yq, γ β : Yzβ Ñ Yzzβ for a right coaction pY, β, Bq. 
Analogously, we define an endomorphism R α pϕq : X Ñ X for a right action pX, α, Aq.
Let pB, β, Yq be a right coaction. For a morphism ψ : B Ñ 1, we define an endomorphism
Analogously, we define an endomorphism L β pψq : Y Ñ Y for a left action pB, β, Yq.
A retract of an idempotent p is given by pX p , ι, πq where ι : X p Ñ X, π : X Ñ X p are morphisms in D such that π˝ι " id X p and ι˝π " p. If an idempotent p has a retract, then p is called a split idempotent. Theorem 2.6 (Theorem 5.9. [1] ). Let A be a bimonoid in C. The bimonoid A is small (cosmall, resp.) if and only if A has a normalized integral (cointegral, resp.). In particular, the bimonoid A is bismall if and only if A has a normalized integral and a normalized cointegral.
Moreover, if A is bismall for a left action pA, α, Xq, we havê
The idempotent`α˝pσ A b id X q˝l´1 X˘i s a split idempotent whose retract is given by αzzX -αzX. We have analogous statements with respect to right actions, left coactions, right coactions.
Proposition 2.7. Let A, B be bimonoids. Let σ A be a normalized integral of A. Let ξ : A Ñ B be a bimonoid homomorphism. If there exists a morphism ξ 1 : B Ñ A in C such that ξ˝ξ 1 " id A , then ξ˝σ A is a normalized integral of B. In particular, if A is small and there exists such ξ 1 , then B is small. We also have a dual statement.
Proof. The morphism ξ˝σ A : 1 Ñ B is a right integral due to Figure 1 . It can be verified to be a left integral in a similar way. Moreover, it is normalized since we have ξ˝ξ˝σA " A˝σA " id 1 .
Normal homomorphism
In this section, we define a notion of (co,bi)normality of bimonoid homomorphism. We prove that for some SMC C, every homomorphism between bicommutative Hopf monoids is binormal.
Definition 3.1. Let D be a category with a zero object, i.e. an initial object which is simultaneously a terminal object. Let A, B be objects of D and ξ : A Ñ B be a morphism in D. A cokernel of ξ is given by a pair pCokpξq, cokpξqq of an object Cokpξq and a morphism cokpξq : B Ñ Cokpξq, which gives a coequalizer of ξ : A Ñ B and 0 :
A kernel of ξ is given by a pair pKerpξq, kerpξqq of an object Kerpξq and a morphism kerpξq : Kerpξq Ñ A, which gives an equalizer of ξ : A Ñ B and 0 : A Ñ B in D.
Note that the categories BimonpCq have zero objects. A bimonoid homomrphism ξ : A Ñ B is binormal if it is normal and conormal in BimonpCq.
Remark 3.3. We carry out almost all the discussion on bimonoids throughout this paper except for Corollary 7.8, subsection 8.3 and section 9. Even if A, B are bicommutative Hopf monoids in Definition 3.2, we do not require that the bimonoid structure on α Ñ ξ zB, B{α Ñ ξ should be bicommutative Hopf monoid structure.
Proposition 3.4. Let A be a bimonoid in C. The identity id A is binormal in BimonpCq.
Proof. It follows from the canonical isomorphisms α
, and Azβ
Proposition 3.5. Suppose that the monoidal structure of C is stable (costable, resp.). Then every bimonoid homomorphism between bicommutative bimonoids is normal (conormal, resp.). In particular, if the monoidal structure of C is bistable, then every bimonoid homomorphism between bicommutative bimonoids is binormal.
Proof. Let A, B be bicommutative bimonoids in a SMC C and ξ : A Ñ B be a bimonoid homomorphism. Note that the left action pA, α Ñ ξ , Bq has a natural bicommutative bimonoid structure in the SMC Act l pCq. It is due to the bicommutativity of A, B : We only explain its monoid structure here. Since B is a bicommutative bimonoid, ∇ B : B b B Ñ B is a bimonoid homomorphism. In particular, ∇ B is compatible with the actions, i.e. the following diagram commutes.
Since η B : 1 Ñ B is a bimonoid homomorphism, the following diagram commutes.
Hence, they induces a monoid structure on pA, α Ñ ξ , Bq in the SMC Act l pCq. Likewise, pA, α Ñ ξ , Bq has a comonoid structure and finally a bicommutative bimonoid structure.
By the assumption that the monoidal structure of C is stable, the stabilization of pA, α (1)
It induces a bimonoid homomorphism via the stabilization,
Let us show that pα Ñ ξ zB, πq is a cokernel of ξ. Let C be another bimonoid and ϕ : B Ñ C be a bimonoid homomorphism. It coequazlies the action α Ñ ξ and the trivial action τ A,B so that it induces a unique morphismφ : α Ñ ξ zB Ñ C such thatφ˝π " ϕ. All that remain is to prove thatφ is a bimonoid homomorphism. ‚φ preserves units :φ˝η α Ñ ξ zB "φ˝π˝η B " ϕ˝η B " η C . ‚φ preserves counits : It suffices to show that p C˝φ q˝π " α Ñ ξ zB˝π due to the universality of α Ñ ξ zB. In fact, we have C˝φ˝π " C˝ϕ " B " α Ñ ξ zB˝π . ‚φ preserves multiplications : Note that pα
ξ zB since the monoidal structure of C is stable. It suffices to prove that ∇ C˝pφ bφq˝pπ b πq "φ∇ α Ñ ξ zB˝p πbπq. In fact, ∇ C˝pφ bφq˝pπbπq " ∇ C˝p ϕbϕq " ϕ˝∇ B "φ˝∇ α Ñ ξ zB˝p πbπq. ‚φ preserves comultiplications : It suffices to prove that pφbφq˝∆ α Ñ ξ zB˝π " ∆ C˝φ˝π . In fact, we have pφ bφq˝∆ α Ñ ξ zB˝π " pϕ b ϕq˝∆ B " ∆ C˝ϕ " ∆ C˝φ˝π . It completes the proof. Proposition 3.6. Suppose that the monoidal structure of C is stable (costable, resp.). Then a cokernel (kernel, resp.) in BimonpCq is a cokernel (kernel, resp.) in Hopf bc pCq.
Proof. In the proof of Proposition 3.5, the bimonoid structure is induced by that of the action pA, α Ñ ξ , Bq. Since A, B are bicommutative, the bimonoid structure pA, α Ñ ξ , Bq is bicommutative. Hence, the induced bimonoid structure on α Ñ ξ zB is bicommutative. Moreover, the antipode on B induces an antipode on the bimonoid α Ñ ξ zB. In fact, in the proof of 3.5, if we consider
Thenφ is verified to be an antipode on α Ñ ξ zB by definitions.
Integral along bimonoid homomorphism
4.1. Basic properties. In this subsection, we introduce the notion of an integral along a homomorphism and examine its basic properties. They are defined for bimonoid homomorphisms whereas the notion of (co)integrals is defined for bimonoids. In fact, it is a generalization of (co)integrals (Proposition 4.5).
Definition 4.1. Let A, B be bimonoids in a SMC C and ξ : A Ñ B be a bimonoid homomorphism.
A morphism µ :
it is a right integral along ξ and a left integral along ξ.
An integral (or a right integral, a left integral) is normalized if the diagram (6) commutes.
We denote by Int l pξq, Int r pξq, Intpξq the set of left integrals along ξ, the set of right integrals along ξ, the set of integrals along ξ respectively. Example 4.4. Let F be a field. Let G, H be arbitrary groups and : G Ñ H be a group homomorphism such that Kerp q is finite. The homomorphism induces a bialgebra homomorphism ˚: FG Ñ FH. Let µ : FH Ñ FG be a linear homomorphism determined by
It is well-defined since the kernel Kerpξq is finite. Then it is an integral along the homomorphism ˚.
In fact, Intp ˚q is a one-dimensional linear space generated by µ P Intp ˚q .
Moreover, if the characteristic of the field F does not divide the order 7Kerpξq, then p7Kerpξqq´1¨µ is normalized.
Recall that we write by Int r pAq, Int l pAq, IntpAq the set of right integrals, left integrals and integrals in A. Likewise, we write by Cont r pAq, Coint l pAq, CointpAq the set of right cointegrals, left cointegrals and cointegrals in A. An (left or right) integral σ is normalized if A˝σ " id 1 . An (left or right) cointegral σ is normalized if σ˝η A " id 1 . The notion of integral along a homomorphism is a simultaneous generalization of (co)integrals [1] in the following sense.
Proposition 4.5. Let A be a bimonoid in a SMC C. We have,
In particular, we have
Under these equalities, the normality is preserved.
Proof. We only prove that Int r p A q " Int r pAq.
Let µ P Int r p A q. Then by (2), we have
Suppose that σ P Int r pAq. Then σ satisfies the commutative diagram (2). On the other hand, (3) is automatic since B " 1.
Note that µ P Int r p A q is normalized ,i.e. A˝µ˝ A " A , if and only if A˝µ " id 1 . It completes the proof. Proposition 4.6. If a bimonoid homomorphism ξ : A Ñ B is an isomorphism, then we have ξ´1 P Epξq. Here, E denotes Int r , Int l or Int. In particular, id A P Epid A q for any bimonoid A.
Proof. We only prove the case for E " Int r .
The first claim is proved as follows :
Here we use the assumption that ξ is a bimonoid homomorphism. Similarly, we also have
Proposition 4.7. We have Epid 1 q " End C p1q. Here, E denotes either Int r , Int l or Int.
Proof. We only prove the case for E " Int r . The second claim is proved as follows : Let ϕ P End C p1q. Then
It implies that ϕ P Int r pid 1 q.
Proposition 4.8. The composition of morphisms induces a map,
Here, E denotes Int r , Int l or Int.
Proof. We only prove the case for E " Int r . The final claim is proved as follows : Let ξ : A Ñ B, ξ 1 : B Ñ C be bimonoid homomorphisms. Let µ P Int r pξq and µ 1 P Int r pξ 1 q.
Hence, we obtain µ˝µ 1 P Int r pξ 1˝ξ q.
4.2.
Uniqueness of normalized integral. In this subsection, we prove the uniqueness of normalized integrals along homomorphisms. It is a generalization of the uniqueness of normalized (co)integrals of bimonoids.
Proposition 4.9 (Uniqueness of normalized integral). Let ξ : A Ñ B be a bimonoid homomorphism. Suppose that µ P Int r pξq, µ 1 P Int l pξq are normalized. Then we have
In particular, a normalized integral along ξ is unique if exists.
Proof. It is proved by two equalities µ " µ˝ξ˝µ 1 ( Figure 3 ) and µ 1 " µ˝ξ˝µ 1 ( Figure 4 ). Proof. By direct verification, µ 1 " µ˝ξ˝µ is an integral along ξ. Also, µ 1 is normalized since ξ˝µ 1˝ξ " ξ˝µ˝ξ˝µ˝ξ " ξ by the normality of µ. It completes the proof of the first claim. The other claims follow from the first claim.
Induced integral of Kerpξq and cointegral of
Cokpξq. An existence of a normalized integral along a homomorphism ξ is strongly related with an existence of a normlaized integral of Kerpξq and a cointegral Cokpξq. In this section, we define an integralFpµq of Kerpξq from an integral µ along ξ when ξ is conormal. Hence, the smallness of Kerpξq is a necessary condition for a conormal homomorphism ξ to have a normalized integral along ξ. We also define a cointegralFpµq of Cokpξq from a cointegral along ξ when ξ is normal. Likewise, the cosmallness of Cokpξq is a necessary condition for a normal homomorphism ξ to have a normalized integral along ξ. Definition 4.12. Let A, B be bimonoids and ξ : A Ñ B be a bimonoid homomorphism. Let µ P Int r pξq. If ξ is conormal, a morphismFpµq : 1 Ñ Kerpξq is defined as follows. By Lemma 4.11, µ˝η B is decomposed into
Since ξ is conormal, we use the isomorphism Azβ 
Generator integrals
5.1. Basic properties. In this subsection, we define the notion of generator with respect to integrals. The terminology is motivated by Proposition 5.2, Proposition 5.3, which says that it plays a role of generator of (co)integrals of bimonoids. In fact, in subsection 5.2, we will prove Theorem 5.10 which exactly justify the terminology. In particular, if an integral σ is normalized, then σ is a generator.
Proof. Let σ be a generator. Then the commutative diagram (7) proves the claim. 
Proof. It is verified directly by definitions.
Computation of Intpξq.
In this subsection, we compute Intpξq by usingF,F in Definition 4.12. The main result in this subsection is that if ξ has a normalized generator integral, then Intpξq is isomorphic to End C p1q, the endomorphism set of the unit 1 P C. Definition 5.6. Let A, B be bimonoids and ξ : A Ñ B be a homomorphism with a kernel bimonoid Kerpξq. Let ϕ P Mor C p1, Kerpξqq and µ P Int r pξq. We define ϕ˙µ P Mor C pB, Aq by
The definitions of ϕ˙µ and µ¸ϕ can be understood via some string diagrams in Figure 7 .
Proposition 5.8. Let µ P Int r pξq. Then we have ‚ ϕ˙µ P Int r pξq. ‚ µ¸ϕ " p Kerpξq˝ϕ q¨µ P Int r pξq.
Proof. For simplicity we denote j " kerpξq : Kerpξq Ñ A. We show that ϕ˙µ P Int r pξq. The axiom (2) is verified by Figure 8 . The axiom (3) is verified by Figure 9 . Note that the target of ϕ needs to be Kerpξq to verify Figure 9 . We show that µ¸ϕ " p Kerpξq˝ϕ q¨µ P Int r pξq. The equality is verified by Figure 10 . Since µ P Int r pξq, µ¸ϕ lives in Int r pξq.
Lemma 5.9. Let ξ : A Ñ B be a homomorphism which is conormal. Let µ be a generator integral along ξ. For an integral µ 1 P Intpξq, we havě
In particular,F : Intpξq Ñ IntpKerpξqq is injective. Proof.F Theorem 5.10. Let ξ : A Ñ B be a bimonoid homomorphism which is either conormal or normal. Let µ be a normalized integral along ξ, which is a generator. Then the map End C p1q Ñ Intpξq ; λ Þ Ñ λ¨µ is a bijection.
Proof. We only prove the statement for conormal ξ. It suffices to replaceFpµq withFpµq for normal ξ and other discussion with a dual one. We claim that Intpξq Ñ End C p1q; µ 1 Þ Ñ Kerpξq˝F pµ 1 q gives an inverse map. It suffices to prove that µ 1 "` Kerpξq˝F pµ 1 q˘¨µ and Kerpξq˝F pλ¨µq " λ. The latter one follows from
Kerpξq˝F pµq " id 1 which is nothing but the normality ofFpµq by Theorem 4.13. We show the former one by calculatingFpµ 1 q˙µ in a different way as follows.
By Lemma 5.9,Fpµ 1 q˙µ " µ 1 , so that µ 1 "` Kerpξq˝F pµ 1 q˘¨µ.
Existence of normalized generator integral
In this section, we give a sufficient condition for a normalized generator integral along a homomorphism exists. By Proposition 4.9, such a normalized generator integral is unique. 6.1. Key Lemma.
Key Lemma 6.1. Let A, B be bimonoids. Let ξ : A Ñ B be a bimonoid homomorphism.
(1) Suppose that A is small, in particular, the canonical morphism ξ γ : α
If α Ñ ξ zB has a bimonoid structure such that the canonical morphism π : B Ñ α Ñ ξ zB is a bimonoid homomorphism, then we have ‚ µ 0 P Int r pπq. In particular, Int r pπq ‰ H.
Here ,σ A is the normalized integral of A and α If Azβ ξ has a bimonoid structure such that the canonical morphism ι : Azβ Ñ A is a bimonoid homomorphism, then we have Then we have ‚ µ 1 P Int l pιq. In particular, Int l pιq ‰ H.
Here, σ B is the normalized cointegral of B and β Ð ξ : A Ñ A b B is the induced coaction by the homomorphism ξ. If A is cocommutative, then µ 1 P Int r pιq, in particular, µ 1 P Intpιq ‰ H. We have an analogous statement for the left coaction pB, β Ñ ξ , Aq. Proof. We only prove the first claim here. Denote by j : α Ñ ξ zzB Ñ B the canonical morphism.
We prove that µ 0 satisfies the axiom (2). Since γ " ξ γ is an isomorphism, it suffices to show that ∇ B˝p pµ 0˝γ q b id B q " µ 0˝∇α Ñ ξ zB˝p γ b πq. It is verified by Figure 11 . We prove that µ 0 satisfies the axiom (3). Due to the universality of π : B Ñ α Ñ ξ zB, it suffices to show that pµ 0 b id α Ñ ξ zB q˝∆ α Ñ ξ zB˝π " pid B b πq˝∆ B˝µ0˝π . It is verified by Figure 12 . Thus, we obtain µ 0 P Int r pπq. We have π˝µ 0 " ξ γ˝p ξ γq´1 " id α Ñ ξ zB . µ 0˝π " L α Ñ ξ pσ A q follows from the definition of α Ñ ξ and Theorem 2.6. From now on, we suppose that B is commutative and show that µ P Int l pπq. We prove that µ 0 satisfies the axiom (4). Since γ " ξ γ is an isomorphism, it suffices to show that ∇ B˝p id B b pµ˝γqq " µ˝∇ α Ñ ξ zB˝p π b γq. It is verified by Figure 13 . We need the commutativity of B here. Suppose that B is cosmall and ξ is conormal. Again by Lemma 6.1, we have a normalized integralμ kerpξq P Intpkerpξqq. Lemma 6.3. Let A, B be bimonoids and ξ : A Ñ B be a bimonoid homomorphism. Suppose that A is small and the homomorphism ξ is normal. Then we have
In particular, cokpξq is an epimorphism in C.
Suppose that B is cosmall and the canonical morphism ξ is conormal. Then we have,
In particular, kerpξq is an monomorphism in C.
Proof. It follows from the definitions ofμ cokpξq ,μ kerpξq and the Key lemma.
6.2. Construction. In this subsection, we introduce two notions : (weakly) well-decomposable homomorphism and (weakly) Fredholm homomorphism. The main result is that a weakly well-decomposable and weakly Fredholm homomorphism always has a normalized generator integral.
Definition 6.4. Let A, B be bimonoids and ξ : A Ñ B be a bimonoid homomorphism with a kernel bimonoid Kerpξq. Suppose that Kerpξq is small and the canonical morphism kerpξq : Kerpξq Ñ A is normal. We define a normalized integral along coimpξq " cokpkerpξqq : A Ñ Coimpξq byμ cokpζq in Definition 6.2 where ζ " kerpξq. We denote it byμ coimpξq P Intpcoimpξqq.
Analogously we defineμ impξq : Let A, B be bimonoids and ξ : A Ñ B be a bimonoid homomorphism with a cokernel bimonoid Cokpξq. Suppose that Cokpξq is cosmall and the canonical morphism kerpξq : Kerpξq Ñ A is conormal. We define a normalized integral along impξq " kerpcokpξqq : A Ñ Impξq byμ kerpζq in Definition 6.2 where ζ " cokpξq. We denote it byμ impξq P Intpimpξqq.
Lemma 6.5. Let A, B be bimonoids and ξ : A Ñ B be a bimonoid homomorphism with a kernel Kerpξq. Suppose that Kerpξq is small and the canonical morphism kerpξq : Kerpξq Ñ A is normal. Then we have
In particular, coimpξq is an epimorphism in C.
An analogous statement for Impξq holds : Let A, B be bimonoids and ξ : A Ñ B be a bimonoid homomorphism with a cokernel Cokpξq. Suppose that Cokpξq is cosmall and the canonical morphism cokpξq : B Ñ Cokpξq is conormal. Then we have,
In particular, impξq is an monomorphism in C.
Proof. It follows from Lemma 6.3.
Definition 6.6. Let A, B be bimonoids in C. A bimonoid homomorphism ξ : A Ñ B is weakly well-decomposable if following conditions hold :
‚ Kerpξq, Cokpξq, Coimpξq, Impξq exist. ‚ kerpξq : Kerpξq Ñ A is normal and cokpξq : B Ñ Cokpξq is conormal. ‚ξ : Coimpξq Ñ Impξq is an isomorphism. A bimonoid homomorphism ξ : A Ñ B is well-decomposable if following conditions hold :
‚ ξ is binormal. In particular, Kerpξq, Cokpξq exist. ‚ kerpξq : Kerpξq Ñ A is normal and cokpξq : B Ñ Cokpξq is conormal. In particular, Coimpξq, Impξq exist. ‚ξ : Coimpξq Ñ Impξq is an isomorphism. Proof. We prove that η A is well-decomposable and leave the proof of A to the readers. Note that the unit bimonoid 1 is bismall since it has a normalized (co)integral. The bimonoid homomorphism η A is normal due to the canonical isomorphism α η A zA Ð A " Cokpη A q. The bimonoid homomorphism η A is conormal due to the canonical isomorphism 1zβ η A Ñ 1 " Kerpη A q. Moreover, kerpη A q : Kerpη A q " 1 Ñ 1 and cokpη A q : A Ñ Cokpη A q " A are normal and conormal due to Proposition 3.4. The final axiom is verified sinceη A : 1 " Coimpη A q Ñ Impη A q " 1 is the identity.
The proof of µ η A " σ A is obtained from the following Theorem 6.10.
Theorem 6.10 (Existence of normalized generator integral). Let A, B be bimonoid and ξ :
A Ñ B be a weakly well-decomposable homomorphism. If ξ is weakly Fredholm, then µ ξ is a normalized generator integral along ξ.
Proof. By Lemma 6.5, we haveμ coimpξq P Intpcoimpξqq,μ impξq P Intpimpξqq. By Proposition 4.6,ξ´1 P Intpξq. By Proposition 4.8, µ ξ is an integral along ξ. Note that µ ξ˝ξ "μ coimpξq˝c oimpξq : By Lemma 6.5, we have
We prove that µ ξ is normalized, i.e. ξ˝µ ξ˝ξ " ξ. By Lemma 6.5, we have
We prove that µ ξ is a generator. It suffices to show that µ ξ˝ξ˝µ " µ for arbitrary µ P Int l pξq.
In a similar way, we can prove the remaining parts.
6.3. Commutativity in a square diagram. In this section, we discuss a commutativity of a square diagram consisting of some homomorphisms and some integrals. Then we have ψ˝pϕ 1˝µ ϕ q˝ϕ " ψ˝pµ ψ˝ψ 1 q˝ϕ. In particular, if ϕ is an epimorphism in C and ψ is a monomorphism in C, then ϕ 1˝µ ϕ " µ ψ˝ψ 1 .
Proof. Since µ ϕ is normalized, we have,
Since µ ψ is normalized, we have
It completes the proof.
Theorem 6.12. Let A, B, C, D be bimonoids. Consider a commutative diagram of homomorphisms as below. Suppose that ‚ the induced bimonoid homomorphism Kerpϕq Ñ Kerpψq has a section in C, in particular, it is an epimorphism in C. ‚ the induced bimonoid homomorphism Cokpϕq Ñ Cokpψq has a retract in C, in particular it is a monomorphism in C. If ϕ, ψ are weakly well-decomposable and weakly Fredholm, then we obtain µ ϕ , µ ψ in Definition 6.7 and we have µ ψ˝ψ
Proof. Note that the homomorphisms in the above diagram are decomposed into following diagram.
A C Coimpϕq Coimpψq
Impϕq Impψq second claim is proved in an analogous way by applying Proposition 2.7 again.
7. Application I : Induced bismallness 7.1. Bismallness of (co)kernels. In this subsection, we give some conditions where Kerpξq, Cokpξq inherits a (co)smallness from that of the domain and the target of ξ.
Proposition 7.1. Let ξ : A Ñ B be a bimonoid homomorphism. Suppose that A is small, B is cosmall. If ξ is normal, then Cokpξq is cosmall. If ξ is conormal, then Kerpξq is small.
Proof. We only prove the first claim. Let ξ be normal, in particular, Cokpξq " α Ñ ξ zB. There exists a normalized cointegral of B since B is cosmall. We denote it by σ B : B Ñ 1. Put σ " σ B˝μ cokpξq : Cokpξq " α Ñ ξ zB Ñ 1. Note that σ P Int r pη α Ñ ξ zB q due to Proposition 4.8. In other words, σ is a right cointegral of α Ñ ξ zB. We prove that σ is normalized. Let π : B Ñ α Ñ ξ zB be the canonical morphism. We have
. We applyμ cokpξq˝π " ∇ B˝p pξ˝σ A qbid B q in Lemma 6.1 (1), and A˝σA " id 1 to obtain σ˝η α Ñ ξ zB " id 1 . Hence, σ is a normalized right cointegral of α Ñ ξ zB " Cokpξq. Analogously, we use Cokpξq " B{α Proof. We only prove the first claim. The bimonoid B has a unique normalized integral σ B : 1 Ñ B. By Definition 6.2, a normalized integralμ cokpξq P Intpcokpξqq exists. By Lemma 6.3,μ cokpξq is a section of cokpξq in C. By Proposition 2.7, cokpξq˝σ B is a normalized integral of Cokpξq. By Theorem 5.9 [1] , Cokpξq is small. Likewise, we can prove that cokpξq˝σ B is a right integral of Cokpξq, so that cokpξq˝σ B is an integral of Cokpξq. Moreover, the integral cokpξq˝σ B is normalized since cokpξq˝c okpξq˝σ B " B˝σB " id 1 . As a result, Cokpξq is small since it has a normalized integral. It completes the proof.
Corollary 7.3. Let ξ : A Ñ B be a well-decomposable homomorphism. If A is small and B is cosmall, then ξ is weakly Fredholm. If both of A, B are bismall, then ξ is Fredholm.
Proof. Suppose that A is a small bimonoid and B is a cosmall bimonoid. Since ξ is welldecomposable, in particular normal (conormal, resp.), Cokpξq is cosmall (Kerpξq is small, resp.) by Proposition 7.1.
Suppose that both of A, B are bismall. Then ξ is weakly Fredholm by the above discussion. Moreover, Cokpξq is small and Kerpξq is cosmall by Proposition 7.2.
7.2. Bismallness induced by exactness. In this subsection, we discuss some conditions for (co)smallness of a bimonoid to be inherited from an exact sequence.
Lemma 7.4. Consider an exact sequence of bimonoids :
Here, the exactness means that π˝ι is trivial and the induced morphism Cokpιq Ñ C is an isomorphism. If ι is normal and the bimonoids B, C are small, then A is small.
Proof. It suffices to prove that A has a normalized integral. We denote by σ C the normalized integral of C. Since B is small and ι is normal, we have a normalized integralμ cokpιq along cokpιq (see Definition 6.2). Since Cokpιq -C by the assumption, we have a normalized integralμ π along π. Then the compositionμ π˝σC : 1 Ñ A gives an integral of A by Proposition 4.8. Moreoverμ π˝σC is normalized since A˝μπ˝σC " C˝π˝μπ˝σC " C˝σC " id 1 by Key Lemma 6.1. It completes the proof. Theorem 7.5. Consider a chain complex of bimonoids.
Suppose that Cokpιq Ñ Kerpπ 1 q is an isomorphism. If ι is normal, π 1 is conormal, B, C are small and C 1 is cosmall, then A is small.
Proof. By the assumption, we obtain an exact sequence in the sense of Lemma 7.4,
Note that Kerpπ 1 q is small by Proposition 7.1. Since ι is normal and B, Kerpπ 1 q are small, the bimonoid A is small due to Lemma 7.4.
We have an analogous statements as follows. For convenience of the readers, we give them without proof.
Lemma 7.6. Consider an exact sequence of bimonoids :
Here, the exactness means that π˝ι is trivial and the induced morphism B Ñ Kerpξq is an isomorphism. If π is conormal and the bimonoids B, C are cosmall, then A is cosmall.
Theorem 7.7. Consider a chain complex of bimonoids.
Suppose that Cokpι 1 q Ñ Kerpπq is an isomorphism. If ι 1 is normal, π is conormal, B 1 are small and B, C is cosmall, then A is small. Corollary 7.8. Suppose that the monoidal structure of C is bistable and the additive category Hopf bc pCq is an abelian category. Consider an exact sequence in the abelian category,
Proof. By Proposition 3.5, any morphism in Hopf bc pCq is binormal. We apply Theorem 7.5, 7.7.
8. Application II : Composition of integrals 8.1. Inverse volume. In this subsection, we introduce the notion of inverse volume vol´1pAq of a bismall bimonoid A and generalize it as an invariant xξy of a bimonoid homomorphism ξ. We discuss their basic properties. 
give a normalized integral and a normalized cointegral of FpGq respectively.. Then we have vol´1pFpGqq : F Ñ F ; 1 Þ Ñ p7Gq´1.
Proposition 8.3. Let A, B be bismall bimonoids in C.
Here,˚is the convolution of morphisms between bimonoids. ‚ Let A _ be a dual bimonoid of A. Then A _ is bismall and we have vol´1pA _ q " vol´1pAq.
Proof. Since σ 1 " σ 1 " id 1 , we have vol´1p1q " id 1 . If A -B as bimonoids, then their normalized (co)integrals coincide via that isomorphism due to their uniqueness. Hence, we have vol´1pAq " σ
Definition 8. 4 . Let A be a small bimonoid and B be a cosmall bimnoid. Let σ A be the normalized integral of A and σ B be the normalized cointegral of B. For a bimonoid homomorphism ξ : A Ñ B, we define a morphism xξy : 1 Ñ 1 by
Remark 8.5. Since xid A y " vol´1pAq by definitions, x´y is an extended notion of the inverse volume in Definition 8.1. On the other hand, for some special ξ, we can compute xξy from an inverse volume. See the next proposition.
Proposition 8.6. Let A be a small bimonoid and B be a cosmall bimnoid. Let ξ : A Ñ B be a bimonoid homomorphism. Suppose that a kernel bimoniod Kerpξq, a cokernel bimonoid Cokpξq, a coimage bimonoid Coimpξq, an image bimonoid Impξq exist. Suppose that Kerpξq is small and Cokpξq is cosmall. Suppose that the canonical homomorphism kerpξq : Kerpξq Ñ A is normal and cokpξq : B Ñ Cokpξq is conormal. Then for the canonical homomorphismξ : Coimpξq Ñ Impξq, we have, xξy " xξy.
Moreover, ifξ is an isomorphism (in particular, weakly well-decomposable), then we have xξy " xξy " vol´1pCoimpξqq " vol´1pImpξqq.
Proof. It suffices to prove that xξy " xξy. Since xξy " σ B˝ξ˝σ A " σ B˝i mpξq˝ξc oimpξq˝σ A , it suffices to show that coimpξq˝σ A " σ Coimpξq and σ B˝i mpξq " σ Impξq . The morphism coimpξq (impξq, resp.) has a section (retract, resp.) in C by Lemma 6.5. Hence, the compositions coim˝σ A ( σ B˝i mpξq, resp.) are normalized integrals by Proposition 2.7. It completes the proof.
Composition of integrals.
In this section, we discuss a relation between two composable integrals and their composition.
Theorem 8.7. Let A, B, C be bimonoids. Let ξ : A Ñ B, ξ 1 : B Ñ C be bimonoid homomorphism. Suppose that ‚ ξ is normal, ξ 1 is conormal. The composition ξ 1˝ξ is conormal (or normal). ‚ µ, µ 1 are normalized integrals along ξ, ξ 1 respectively. µ 2 is a normalized integral along ξ 1˝ξ , which is a generator.
Then we have,
Here, we use the fact that Cokpξq is cosmall and Kerpξ 1 q is small by Corollary 4.14.
Proof. By Proposition 4.8, µ˝µ 1 is an integral along the composition ξ 1˝ξ . By Theorem 5.10, there exists a unique λ P End C p1q such that µ˝µ 1 " λ¨µ 2 since ξ 1˝ξ is conormal (or normal).
We have A˝µ 2˝η
C " id 1 due to the following computation : Corollary 8.8. Let A, B be bimonoids and ξ : A Ñ B be a bimonoid homomorphism. Suppose that ‚ ξ is normal. ‚ µ is a normalized integral along ξ, σ B is a normalized integral of B, and σ A is a normalized integral of A which is a generator.
Then we have
We have an analogous statement. Suppose that ‚ ξ is conormal. ‚ µ is a normalized integral along ξ, σ A is a normalized cointegral of A, and σ B is a normalized integral of B which is a generator.
Proof. We prove the first claim. We replace ξ, ξ 1 in Theorem 8.7 with ξ, B in the above assumption. Then the assumption in Theorem 8.7 is satisfied.
We prove the second claim. We replace ξ, ξ 1 in Theorem 8.7 with η A , ξ in the above assumption. Then the assumption in Theorem 8.7 is satisfied. Hence, we obtain vol´1pCokpξqq¨σ A˝σ A " vol´1pKerpξqq¨σ B˝σ B , which is equivalent with (10).
Corollary 8.10. Let A, B, C be bimonoids. Let ξ : A Ñ B, ξ 1 : B Ñ C be bimonoid homomorphism. Suppose that ξ, ξ 1 , ξ 1˝ξ are well-decomposable and weakly Fredholm. Then the integrals µ ξ , µ ξ 1 , µ ξ 1˝ξ in Definition 6.7 are defined and we have,
Proof. Since ξ, ξ 1 , ξ 1˝ξ are well-decomposable, in particular weakly well-decomposable, and weakly Fredholm, we obtain normalized generator integrals µ ξ , µ ξ 1 , µ ξ 1˝ξ by Theorem 6.10. Since ξ, ξ 1 , ξ 1˝ξ are well-decomposable, they satisfy the first assumption in Theorem 8.7. The integrals µ " µ ξ , µ 1 " µ ξ 1 , µ 2 " µ ξ 1˝ξ satisfy the second assumption in Theorem 8.7.
8.3. Functorial integral. In this section, we consider following assumptions ‚ (Assumption 1) The monoidal structure of C is bistable. ‚ (Assumption 2) The additive category Hopf bc pCq is an abelian category. ‚ (Assumption 3) If A is bismall Hopf monoid, then the inverse volume vol´1pAq is invertible. We need those assumptions because we want to use the following properties : We need (Assumption 1) to make use of Proposition 3.5, i.e. every homomorphism in Hopf bc pCq is binormal. (Assumption 2) gives the following exact sequence : Let A, B, C be bimonoids. Let ξ : A Ñ B, ξ 1 : B Ñ C be bimonoid homomorphism. Then we have an exact sequence,
Note that until this subsection, we use the notation Kerpξq, Cokpξq for the kernel and cokernel in BimonpCq following D " BimonpCq in Definition 3.1. In (11), Kerpξq, Cokpξq denote a kernel and a cokernel in Hopf bc pCq. In fact, these coincide with each other due to (Assumption 1) and Proposition 3.6.
Furthermore, due to both of former two assumptions, every homomorphism in Hopf bc pCq is well-decomposable.
(Assumption 3) is necessary to define the notion of functorial integral in Definition 8.21. We have a sufficient condition for (Assumption 3). As a corollary of Theorem 3.3 [5] , if C is a SMC with split idempotents, then the inverse volume defined in this paper is always invertible.
Due to all of the assumptions, if A P Hopf bc pCq is small and B P Hopf bc pCq is cosmall, then xξy is invertible for any bimonoid homomorphism ξ : A Ñ B. In fact, we can apply Proposition 8.6 since ξ is well-decomposable andξ : Coimpξq Ñ Impξq is an isomorphism.
For a field F, the SMC C " Vec " xcokpξq˝kerpξ 1 qy P Aut C p1q.
Here, we use (Assumption 3) to ensure that it is an automorphism on 1. Note that ω is a 2-cochain of the category Hopf bc,Fr pCq with coefficients in the abelian group Aut C p1q.
Proposition 8.17. The 2-cochain ω is a 2-cocycle, i.e. it satisfies the cocycle condition,
Proof. It is a corollary of Theorem 8.7. There is another way to prove the claim by following proposition.
Proposition 8.18. The 2-cocycle is exact, i.e. there exists a 1-cochain ν : ξ Þ Ñ υpξq P Aut C p1q such that
Proof. Choose υ defined by υpξq " vol´1pKerpξqq´1. Then the first equality in Theorem 8.11 proves the claim. " vol´1pCokpξqq´1, which are examples of υ in Proposition 8.18. Let υ di f f be a 1-cocycle defined by υ di f f pξq def.
" υ 1 pξqυ 0 pξq´1. Proposition 8.20. If we restrict the 1-cocycle υ di f f to Hopf bc,bs pCq, then it is exact, i.e. there exists a 0-chain θ of Hopf bc,bs pCq such that
where ξ is a morphism from A to B.
Proof. Put θpAq " vol´1pAq´1. Then by Corollary 8.9 we obtain the claim. " υpξq¨µ ξ .
Here, the integral µ ξ is defined in Definition 6.7.
Proposition 8.22. Let A be a bicommutative Hopf monoid. We have,
Proof. It follows from υpid A q " id 1 .
Proposition 8.23. Let A, B, C be bicommutative Hopf monoids. Let ξ : A Ñ B, ξ 1 : B Ñ C be bimonoid homomorphisms. If ξ, ξ 1 , ξ 1˝ξ are weakly Fredholm, then we have
Proof. By Theorem 8.11, we have
Corollary 8.24. The assignment ξ Þ Ñ ξ ! induces a functor p´q ! : Hopf bc,Fr pCq op Ñ C by which we assign the underlying object to a bicommutative Hopf monoid A.
Theorem 8.25. Consider υ " υ 0 (υ " υ 1 , resp.) in Definition 8.21. Let A, B, C, D be bicommutative Hopf monoids. Consider a commutative diagram of Fredholm bimonoid homomorphisms. Suppose that ‚ the induced bimonoid homomorphism Kerpϕq Ñ Kerpψq is an isomorphism (an epimorphism resp.) in Hopf bc pCq. ‚ the induced bimonoid homomorphism Cokpϕq Ñ Cokpψq is a monomorphism (an isomorphism, resp.) in Hopf bc pCq.
Then we have ϕ Proof. We prove the case υ " υ 0 and leave to the readers the case υ " υ 1 .
We prove that there exists a section of the induced bimonoid homomorphism ϕ 2 : Kerpϕq Ñ Kerpψq in C. Since the bimonoid homomorphisms ϕ, ψ are Fredholm, Kerpϕq, Kerpψq are bismall. By Corollary 7.3, ϕ 2 is also Fredholm. In particular, Kerpϕ 2 q is small. Note that Cokpkerpϕ 2" Kerpψq since ϕ 2 is an epimorphism. Then, by the first claim in Lemma 6.3, we obtain a section of ϕ 2 in C. By Theorem 6.12, we have µ ψ˝ψ 1 " ϕ 1˝µ ϕ . Since ν 0 pϕq " vol´1pKerpϕqq´1 and ν 0 pψq " vol´1pKerpψqq´1, we obtain ψ !˝ψ 1 " ϕ 1˝ϕ ! .
Application III : Some invariants
We consider the same assumption in subsection 8.3.
9.1. Index of Fredholm homomorphism. In this subsection, we introduce the notion of index of Fredholm homomorphisms and give its basic properties.
Definition 9.1. Let A, B be bicommutative Hopf monoids. For a bimonoid homomorphism ξ : A Ñ B which is Fredholm, we define an index, Indpξq P End C p1q, by Indpξq def.
" vol´1pCokpξqq´1˝vol´1pKerpξqq.
Here,˚is the convolution.
Remark 9.2. By Proposition 8.3, the convolution can be replaced with the composition of morphisms.
Proposition 9.3. Let A, B be a bicommutative Hopf monoid. Then an isomorphism ξ : A Ñ B is Fredholm and we have, Indpξq " id 1 .
Proof. It follows from the fact that Cokpξq " Kerpξq " 1. Proof. By Theorem 8.11, ξ 1˝ξ is Fredholm. Moreover the equalities in that theorem yield Indpξ 1˝ξ q " Indpξ 1 q˚Indpξq by definitions.
Proposition 9.5. Let A, B be bicommutative Hopf monoids. Let ξ : A Ñ B be a bimonoid homomorphism which is Fredholm. If A, B are bismall bimonoids, then the inverse volume of them are defined and we have Indpξq " vol´1pBq´1˝vol´1pAq.
Proof. It follows from Corollary 8.9.
9.2. Euler characteristic of graded bicommutative Hopf monoids. In this subsection, we introduce the notion of Euler characteristic of graded bicommutative Hopf monoid and give its basic properties.
Definition 9.6. A graded bicommutative Hopf monoid tA q u qPZ is a family of bicommutative Hopf monoids A q parametrized by Z. A graded bicommutative Hopf monoid tA q u qPZ is bounded below if A q -1, q ď q 0 for some q 0 P Z.
A graded bicommutative Hopf monoid tA q u qPZ is bounded above if A q -1, q ě q 0 for some q 0 P Z.
A graded bicommutative Hopf monoid tA q u qPZ is bounded if it is bounded below and bounded above.
A graded bicommutative Hopf monoid tA q u qPZ is bismall if every component A q is bismall. The final equality is deduced from the following exact sequence and Proposition 9.5, 1 Ñ CoimpψÑ C q Ñ ImpBÑ 1.
This exact sequence is obtained from the exact sequence (14).
Proposition 9.9. Let A ‚ be a bounded chain complex of bismall bicommutative Hopf monoids. Note that its homology theory H q pA ‚ q is bismall by Corollary 7.3. The chain complex A ‚ induces a bounded graded bicommutative Hopf monoid tA q u qPZ . We have χ ptH q pA ‚ qu qPZ q " χ ptA q u qPZ q Proof. We sketch the proof. It is shown analogously as the proof of the equality with respect to the (classical) Euler characteristic of (bounded) graded vector spaces. Note that homology theory H q pA ‚ q is defined as subquotient object. We apply Corollary 8.9 several times. Put χ ptX q u qPZ q " ř q pp´1q q¨7 XP Z. Then we have, χ ptH q pA ‚ qu qPZ q " vol´1pAq´χ ptXquqPZq .
Proof. By Proposition 9.9, it suffices to compute χ ptAX q u qPZ q. By definitions we have χ ptAX q u qPZ q " ź q vol´1pAX
p´1q q`1¨7 X q " vol´1pAq´χ ptXquqPZq . It completes the proof.
Example 9.11. Let A be a bismall bicommutative Hopf monoid. For a finite cell-complex K, we have, χ ptH q pK; Aqu qPZ q " vol´1pAq´χ pKq .
Here, H q pK; Aq is the q-th singular homology theory of K with coefficients in A and χpKq is the Euler characteristic of the cell-complex K. In particular, if C " Vec b F and A is the Hopf algebra FG induced by a finite abelian group G whose order does not divide the characteristic of F, then we have χ ptH q pK; FGqu qPZ q " p7Gq χpKq .
